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2.
Radiation Patterns of the Noise Emission from a Gaseous Discharge
1. Introduction
The chaotic motion of the electrons in a plasma or in a metal
gives rise to electromagnetic radiation over a wide spectrum which in-
cludes the microwave frequencies. The terminal characteristics of such 
noise sources have been studied both theoretically1,2 and experimen­
tally3,4. In this paper, attention is directed, however, to a problem 
in which the distributed character of the noise source is of primary 
importance; specifically, the problem is to determine the far-zone 
radiation pattern for a noise-excited slot. In the analysis, it is 
necessary to use a distributed source description, rather than a ter- 
minal one; and for this purpose, the formula derived by Leontovich and 
Rytov5 is appropriate. Their expression for the correlation function 
of the x-component of the effective noise electric field in a conduc-
tive medium is given by
(1)
If a generalized Ohm's law holds for the medium, i.e., if j(r) = σcE(r), 
then an equivalent expression for the correlation function of the 
x-component of the current density is given by
(2)
Ex(r, t) and jx(r, t) are the x-components of the source electric 
field and the current density, respectively; δ(r) is Dirac's delta 
function; σ is the real part of the complex conductivity σc; and
is the mean energy per degree of freedom given by Planck as
3.
where f is the frequency, T is the absolute temperature, h is 
Planck's constant, and k is the Boltzmann constant.
The angular parentheses, < >, are used throughout this paper
to denote an ensemble average. A second notational convenience,
adopted herein, is that time dependence is always indicated explicitly 
while frequency dependence is not. Therefore, E(x, y) may mean 
E(x, y, ω), but it will never mean E(x, y, t).
An important result in spectral analysis is quoted for later use. 
Let f(x,t) be a sample function of a stationary random process. It 
can be shown that the two-dimensional correlation function and the
mixed spectral density and correlation function satisfy the following
Fourier transform relationship.
2. Theoretical Radiation Patterns
Consider a metallic plate in the y = 0 plane with a long thin 
z-oriented aperture of dimensions (a, b) where a >> b (see Fig. 1). 
The aperture is illuminated or excited by a distributed noise source 
that generates electromagnetic energy which is incoherent spatially 
and timewise, e.g., a closely-spaced hot wire or a plasma column. An
(3)
in which
4.
Figure 2. Induced Current Approximation
Figure 1. Coordinates for the Thin Slot
approximate analysis for the resultant aperture distribution is made
in the following section. The effects of radiation losses are neg-
lected; and furthermore, aside from the generation of the noise, the
influence of the noise medium of contrasting dielectric constant and
conductivity is assumed calculable by allowing for a perturbation in
the propagation constant for the region surrounding the slot.
2.1 Approximate Aperture Illumination for the Thin Slot
A source current per unit length, Is(x, z, ω), is induced in the 
metallic plane (see Fig. 2). An approximate value for this current
is obtained in the following manner. Let the noise source, rapidly
moving plasma electrons, fill the half-space for which y < 0 , and
suppose that the plate at y - 0 is not slotted. The moving elec­
trons induce eddy currents; but over the range of frequencies for
which the plasma is opaque, only those electrons close to the plate
are effective in inducing these currents. It is assumed that the
characteristic depth is the absorption skin depth of the plasma, δ .
Thus, when averaged over the narrow dimension of the slot, the x-
component of the surface current per unit length, Is(z,ω), is given 
by
or, in terms of Jx, by
(5)
where the integrations are required in order to take account of the
5.
6.
spatial incoherence of the noise currents. Equations (2), (4), (5) are 
combined to give the following mixed spectral density and correlation
function for the x-component of the source current in the metal plate.
(6)
Now with a slotted plane, the influence of the source current,
Is, in the region from z to z + dz is felt everywhere along the 
gap. Consider the principal mode analysis in which the slot is 
viewed as a transmission line with the source field propagating
mainly along the gap and with a standing wave being established by 
the reflections at z = ± a/2 (see Fig. 3). The transmission line 
equations are
and
(7)
where the series impedance per unit length, Z', and the shunt admit- 
tance per unit length, Y', are related to the complex propagation 
factor, βo = β - iα, by
(9)
(8)
and where the potential, V , is defined by
Taking ∂/∂z of eq. (7) and substituting from eqs. (8), (9) give the 
wave equation for V,
7.
Figure 3. Transmission-Line Model for the Aperture 
Distribution of the Electric Field
8.
(10)
The general solution of eq. (10), subject to the boundary condition 
that V(± a∕2, ω) = 0, is readily obtained by standard methods; and 
the result is given by
where an alternative special form must be written for the cases in 
which βca = π, 2π, 3π, . . . .
In the final result, an expression containing Z' is not con-
venient. This series impedance per unit length can be eliminated in
favor of a more fundamental impedance parameter by means of an approxi­
mate relation developed in eq. (14) below. Using the form of Babinet's 
principle as generalized for vector fields by Booker6,7, one can 
readily establish the following relationship between Z', Y' for a slot 
and the corresponding Z", Y" for the complementary electric dipole, 
i.e., a thin metallic strip of cross-section a by b .
(12)
Then, using the transmission line model for the metallic dipole and 
expressing the input impedance of a center-driven antenna in terms of 
an open-circuited line of length a/2 , one obtains
(13)
(11)
and
9.
in which zin is the input impedance of the center-driven metallic
dipole of length a. Strictly, the admittance per unit length varies 
along the length of the antenna; hence, eq. (13) should be regarded 
as a defining equation for an averaged admittance to be used with the 
transmission line model*. Combining eqs. (12),(13) one obtains the 
final expression for the Z' of the slot, i.e.,
Elimination of Z' in eq. (11) by eq. (14) gives the following re­
sult for the aperture illumination:
(15)
2.2 Radiation in the Fraunhofer Region
The approximate tangential electric field over the y = 0 plane
is now determined. The specification of the tangential electric
field over this plane together with the radiation condition for the
field as ro → ∞ are sufficient to uniquely determine the radiation 
field. The radiation field is conveniently expressed in terms of the
Fourier integral analogue of eq. (1-14.19) of Smythe9. This formula 
gives the exact diffracted vector potential in terms of the aperture
(14)
*The result in eq. (13) can also be deduced in another, perhaps more 
fundamental, way from eqs. (19), (24), (25) of Weber8.
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distribution for an arbitrary aperture. Differentiating, since 
E = -∂A∕∂t, suppressing the eiωt factor, dropping the near-zone
term, and making the usual far-zone approximation in the phase term,
i.e., r ≈ ro - z1 cos θ, one can reduce eq. (1-14.19) to the following 
form:
in which the coordinates (ro, θ, 0̸) are shown in Fig. 1.
(16)
In the far-zone, the power radiated through a solid angle dΩ 
is given by Poynting's theorem as the product [roE0(̸ro, θ, 0̸, t)]2 dΩ∕η. 
From this, it follows that in spectral form, the average power 
radiated through a solid angle dΩ in the frequency interval df
is given by
(17)
Arbitrarily, the power through a unit solid angle per unit frequency 
interval, PfΩ, is defined above on the basis of a one-sided frequency 
interval, i.e., the total average power per solid angle is given by
. Substitution of eqs. (15), (16) into eq. (17) gives the fol­
lowing integral form for the radiation pattern of the slot:
11.
(19)
Equation (19) is not in a convenient form for computation. A more
(18)
2.3 Radiation Pattern for the Delta-Correlated Source
Equation (18) is integrated directly with respect to the variables 
z2 and z3. Then, eq. (6) is substituted for the source function,
and the expression is integrated with respect to zo and z1. These 
integrations lead in a tedious but straightforward way to the inter-
mediate form given below.
in which
12.
convenient form is obtained by introducing a (4βo) portion of the 
coefficient into the central bracket, replacing βo∕η by ωεo, 
and eliminating βc in favor of α, β. Finally, after considerable 
manipulation, the following expression is obtained for the one-sided
spectral intensity of the power which is radiated per unit frequency
per unit solid angle:
and where
σδ = conductivity, skin-depth product for the plasma,
iβc = iβ + α ,
γ = β∕βo,
ρ = α/βo,
(20)
in which
13.
Figure 4. Thermal Radiation Patterns for Thin Slots of Various Lengths
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zin = Input impedance of center-driven complementary metallic
dipole7,
η = (μo/εo)1/2,
ω = 2πf.
The above equation represents a first order approximation to the radia-
tion pattern for a thin slot which is excited incoherently both 
spatially and timewise. This analysis is similar to that of Levin 
and Rytov10 for the thermal radiation pattern of a thin linear 
antenna. However, even allowing for the complementary aspect, there 
are two differences. First, the eq. (20) solution appears to apply for 
a greater range of lengths due to the incorporation of zin.11 
Secondly, a complex wave number is assumed for the propagation along 
the slot in order to account for loss and phase retardation due to the 
noise source. Setting α = 0 and β = βo in eq. (20), one finds 
that the spatial variation agrees with that obtained by Levin and Rytov.
2.4 Selected Cases
Radiation patterns are plotted for several different slot
lengths when there is no loss and when the wave numbers are equal
(see Fig. 4). The graphs are of PfΩ (from eq. (20) with α = 0,
β = βo) normalized to and plotted versus 
the angle from the normal, π/2 - θ, for values of the length 
βa∕π = 2.5, 4.5, 6.5, and 8.5 .
Radiation patterns are also plotted for a variable loss factor 
but with a fixed length and with no phase retardation (see Fig. 5).
The graphs are of PfΩ (from eq. (20) with β = βo, βoa = 9.5π) nor­
malized to and with the attenuation para- 
meter, α, selected to give 0, 1, 3, 5, and 20 decibels of
Figure 5. Thermal Radiation Patterns with Lossy Propagation along 
the Slot
15.
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attenuation per wavelength.
3. Experimental Radiation Patterns
There are two radiation experiments which would be very interest-
ing to perform in the course of verifying the theory. One of these is 
the measurement of the thermal radiation from a hot wire of moderately
high conductivity. In order to make this measurement in the far zone 
at microwave frequencies, it has been estimated that receiver sensiti­
vities of 2 x 10-3ºK and 0.1ºK are required using sources of tungsten 
and silicon carbide, respectively11. Restricting the receiver band- 
width to approximately 100 mc/s in order to prevent excessive smooth- 
ing of the pattern, one concludes that with the best present-day
receiver this measurement is practical using silicon carbide or a
similar material, but not using tungsten. However, near-zone measure­
ments of the microwave radiation from incandescent tungsten are
practical; and in fact, such a measurement has been described by 
Westberg12. A theoretical analysis of the near-zone case has not 
appeared in the literature.
The other experiment of interest is the measurement of the
thermal radiation from a noise-excited thin slot. For this latter
experiment, using a gaseous discharge as a source, one finds, as 
detailed below, that a receiver sensitivity of 1ºK or 2ºK is suf- 
ficient to permit pattern measurements in the far-zone. This 
sensitivity is considerably less than is quoted above for the ex- 
periments using a hot-wire source. This is due both to the much 
higher radiation temperature and to the higher emissivity of the 
gaseous discharge source.
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3.1 Description of the Measurement
From a conceptual point of view, the measurement of a radiation 
pattern is quite simple. Briefly, a receiver and a transmitter are 
positioned at some fixed separation. For either antenna, the radiation 
pattern is simply the received signal as a function of the angular 
position as the antenna being measured is rotated about its center.
In these experiments, the transmitting antenna is typically a 
4.75 by 0.122 wavelength slot in a 28 by 19 wavelength metallic ground 
plane. The source of the thermal radiation is an argon glow discharge 
tube* clamped to the ground plane and running along the length of the 
slot. This entire ground plane assembly is mounted on a wooden turn-
table with provisions for measuring the angle of rotation.
The receiving aperture is a microwave horn which is positioned at 
a 1.500 m range with the electric-field polarization perpendicular to 
the long edge of the radiating slot, i.e., placed at (1.500, θ, π∕2) to 
read E0(̸θ) in Fig. 1. The E- and H-plane dimensions of this
*The dimensions of the tube are 0.765 cm. ID, 0.953 cm OD, and 21.2 cm 
long. The tube is filled with pure argon; and for these experiments, 
unless otherwise specified, a pressure of 30.0 ± 0.3 mm Hg and an 
operating point of 200 ma and 71 v are used. For these values, the 
kinetic temperature of the plasma electrons is computed from eq. (8.36) 
of von Engel13, and the result is a temperature
T = 11,300ºK .
The measured value of the microwave noise temperature is, as ex­
pected2,4 essentially the same, i.e.,
T = 10,072 ± 200ºK .
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aperture are 8.04 cm and 11.10 cm, respectively; and at 9,200 mc/s
the measured absolute gain is 72 (versus a theoretical value of 70).
 Hence, the effective solid angle, computed from Ω = Gλ2∕(4πr2o), is
2.70 x 10-3 sterad. Approximate criteria for the Fraunhofer region 
require that ro > 2aℓ∕λ and ro > a2∕λ, in which ℓ is the H-plane 
dimension of the receiving aperture.14 For βoa = 9.5π and a fre­
quency of 9,200 mc/s, these give ro > 1.05 m and 0.74 m, respectively. 
Therefore, one concludes that with a slot length of 9.5π radians, a 
range of 1.500 m places the receiving aperture in the far-zone region.
The problem of detecting the thermal radiation from either a
heated wire or a noise-excited thin slot is the same detection problem
which is encountered in radio astronomy. In these two applications 
both the signal and the internal receiver noise have essentially the 
same wide spectral density. Dicke devised a practical method for 
detecting such signals, even though they are less than 1/1000th of the 
level of the receiver noise15. A receiver of this basic type was 
designed for the experiments which are described in this paper. The 
characteristics of this receiver are briefly summarized as follows: 
a total fluctuation, drift, and reflection error of 0.3 rmsºK; an 
amplification bandwidth of 16 mc/s centered at 9,200 mc/s (9,166 to 
9,174 mc/s and 9,226 to 9,234 mc/s); a noise ratio for the mixer and 
the i-f amplifier of 5(7 db); a modulation frequency of 1,000 c/s; and 
an integration time of 30 sec. This receiver is calibrated by using 
an argon noise source and a variable attenuator as a secondary standard. 
Although these measurements are reproducible to better than 3%, their 
absolute accuracy is probably no better than 20%.
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Figure 6. Thermal Radiation Pattern for a Thin Slot of 7.3π Radians
in Length. Data are taken for ro = 1.500 m, f = 9,200 mc∕s,
and Ω = 2.7 x 10-3 sterad.
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3.2 Measurements
Experimental thermal radiation patterns are shown for slot lengths
of βoa = 7.30π and 9.50π and for a common slot width of
βob = 0.244π (see Figs. 6, 7). The radiation received from the noise-
excited thin slot is expressed in terms of an effective received tem­
perature and this is plotted versus the angle from the normal, π∕2-θ.
In the notation of Sec. 2, the received temperature is given by
solving kTadf = PfΩΩdf for Ta, i.e., Ta = P fΩΩ∕k . Only one 
quadrant of the pattern is plotted due to the symmetry about the plane
θ = π/2 .
In addition, the thermal radiation is measured for several argon- 
filled tubes at different pressures (see Fig. 8). In this measurement 
there is no ground plane; but the receiver, the range, and the tube 
envelope are unchanged. Only the received temperature which is due 
to the 0-̸component of the noise electric field is shown. However, in 
the absence of the ground plane, there is also a θ-component of the 
electric field with a Poynting's vector at θ = π/2 of approximately 
one-half the value of that shown.
In order to permit a comparison of the classical radiation pat- 
tern to those above, an experimental curve is also shown for the 
radiation pattern of the thin slot at optical frequencies (see Fig. 9). 
Essentially the same experimental arrangement is preserved, except that 
now a sensitive photocell receiver is used to measure the intensity.
The thin slot is of the order of 106 wavelengths long at the peak of 
the spectral response of the photocell.
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Figure 7. Thermal Radiation Pattern for a Thin Slot of 9.5π Radians
in Length. Data are Taken for ro = 1.500 m, f = 9,200 mc/s,
and Ω = 2.7 x 10-3 Sterad.
22.
Figure 8. Radiation Level as a Function of Pressure for Argon. Data 
are Taken for ro = 1.500 m, f = 9,200 mc/s, θ = π/2,
Ω = 2.7 x 10-3 Sterad, and no Slotted Metallic Plane.
23.
Figure 9. Radiation Pattern at Optical Frequencies with the Same Slot 
as in Figure 7.
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3.3 Comparison to the Theory
First, it is seen that the optical radiation pattern is approxi­
mately Lambertian, while the microwave pattern is not. Furthermore, 
the general features of the microwave pattern measurements agree quite 
well with the theory which is presented in this paper.
In making a quantitative comparison, it is noted from a computa­
tion of eq. (20) for the β = βo case, that there are 7 and 9 
relative maxima predicted for slots of 7.3π and 9.5π radians in 
length, respectively. However, from the experimental curves, it is 
seen that there are 8 and 10 relative maxima observed in these res-
pective cases. Although the geometry makes an exact solution 
difficult, it is known that the effect of the glass walls of the 
discharge tube is to decrease the phase velocity along the slot, 
while that of the plasma column itself is to increase this velocity. 
Apparently, their combined effect is to slightly decrease the value 
of the phase velocity from that in free space. Using a phase factor 
of γ = 1.04 and an attenuation constant of ρ = 0.064 (3.5 db∕λ) in 
eq. (20), one finds fair agreement between the experiment and the 
theory as is seen by comparing the solid to the dashed curve in Figs. 
6,7. The values for γ and ρ have been selected to give a com­
promise fit for both of the slot lengths. The main discrepancy 
appears in the βoa = 7.3π case, where the observed ripple exceeds 
the theoretical value. This could be due to the compromise method
of selecting γ, ρ or to some more fundamental cause, e.g., a slight 
degree of coherence in the slot excitation.* The angles at which the
*The radiation patterns for an exponentially-correlated source show 
the same general features as those given by eq. (20), but the rela­
tive ripple is higher even for a correlation length which is less 
than λ.11
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relative maxima occur are tabulated (see Tab. 1). In compiling this
table, a lower attenuation constant is used for the βoa = 7.3π case 
in order to enhance the ripple and thereby to permit the determination
of the tabulated angles.
The theoretical curves in Figs. 6,7 are drawn with an arbitrary
normalization of the amplitude. Although the precise value of σδ is
not known, it is worthwhile to compare the ratio of the received tem­
perature for the two slots at some convenient angle. Substituting the
values βoa = 7.3π or 9.5π, f = 9.2 x 109 c∕s, b = 3.97 x 10-3, γ = 1.04, 
ρ = 0.0641, and θ = π∕2, one finds from eq. (20) that K2 = 42.92 or
66.55 and from formulas in Schelkunoff7 that |zin∣ = 332 or 343 ohm.
Then, since T = 10.1 x 103 ºK and Ω = 2.7 x 10-3 sterad, the received 
temperatures can be computed as Ta = 1.89 x 104 σδ and 2.74 x 104 σδ 
for the 7.3π and the 9.5π radian lengths, respectively. Their ratio
of 0.69 agrees fairly well with the observed ratio of 0.72. From these 
data, an average value of σδ is computed, i.e., σδ ≈ 1.87 x 10-4 mho.
Tab. 1. Comparison of Experiment to Theory for the Thin Slot
Radian
Length
Angle of
Rel. Max. zin
T at a
θ = π∕2
(βoa) | π/2 - θ | (ohms) (ºK)
7.3π
Expt.
Theory
10,21,36,58
8,26,44,62 332. 1.89 x 104 σδ
9.5π
Expt.
Theory
5,19,33,50,65
6,19,33,51,65 343.
5.0
2.74 x 104σδ
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4. Conclusions
An investigation has been made of the spatial distribution of the 
radiant energy emitted by a body for wavelengths at which the body 
dimensions and the wavelength are of the same order of magnitude. It 
is shown both theoretically and experimentally that in such cases the
radiation pattern has the following characteristics:
1. It exhibits pronounced minima and maxima.
2. It is sensitive to the radian dimensions of the body.
3. It can have a well-defined polarization.
4. It is not, in general, a maximum in the direction for which 
the radiator subtends the maximum solid angle.
Although it has been widely assumed that interference effects are
not observable using a spatially extended incoherent source, the experi-
ments reported in this paper provide a successful demonstration of an
interference phenomenon using such a source.
Finally, it is worthwhile to recall that simply by invoking the
thermodynamic principle of the detailed balancing of radiation one can
compute the spectral absorptivity of a body from its spectral thermal
radiation pattern or vice versa. Thus, it follows that the spectral
absorptivity of a body also exhibits the above-itemized characteristics
at wavelengths which are of the order of the body dimensions.
27.
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